In this article, we construct the diquark-antidiquark type current operators to study the axialvector Bc-like tetraquark states with the QCD sum rules. In calculations, we take the energy scale formula as a powerful constraint to choose the ideal energy scales of the QCD spectral densities and add detailed discussions to illustrate why we take the energy scale formula to improve the QCD sum rules for the doubly heavy tetraquark states. The predicted masses M Zb c (1 +− ) = 7.30 ± 0.08 GeV and M Zb c (1 ++ ) = 7.31 ± 0.08 GeV lie between the conventional 2P and 3P Bc states with J P = 1 + from the potential quark models, which is a typical feature of the diquark-antidiquark type Bc-like tetraquark states.
Introduction
The mass spectrum of the B c mesons have been studied extensively in several theoretical approaches, such as the relativized (or relativistic) quark model with a phenomenological potential [1, 2, 3, 4] , the nonrelativistic quark model with a phenomenological potential [5, 6, 7] , the semi-relativistic quark model using the shifted large-N expansion [8] , the lattice QCD [9] , etc. Experimentally, only the ground state B c meson with J P C = 0 −+ is listed in The Review of Particle Physics [10] . Recently, the CMS collaboration observed two excited B c states, which are consistent with the B c (2S) and B * c (2S) respectively, in the B + c π + π − invariant mass spectrum in proton-proton collisions at √ s = 13 TeV with a significance exceeding five standard deviations, the measured mass of the B c (2S) meson is 6871.0 ± 1.2 ± 0.8 ± 0.8 MeV [11] . Furthermore, the CMS collaboration obtained the mass gaps M Bc(2S) − M Bc = 596.14 ± 1.2 ± 0.8 MeV and M B * c (2S) − M B * c = 567.1 ± 1.0 MeV [11] . Also recently, the LHCb collaboration observed the B * c (2S) in the B + c π + π − invariant mass spectrum using proton-proton collision data at √ s = 7, 8 and 13 TeV, the measured mass is 6841.2 ± 0.6 ± 0.1 ± 0.8 MeV [12] . The observations of the B c (2S) and B * c (2S) states have an important implication in the mass spectrum of the B c -like tetraquark states.
In 2011, the Belle collaboration observed the Z ± b (10610) and Z ± b (10650) in the π ± Υ(1, 2, 3S) and π ± h b (1, 2P) invariant mass spectrum firstly, and determined the favored spin-parity are J P = 1 + [13] , the updated masses and widths are M Z b (10610) = (10607.2 ± 2.0) MeV, M Z b (10650) = (10652.2 ± 1.5) MeV, Γ Z b (10610) = (18.4 ± 2.4) MeV and Γ Z b (10650) = (11.5 ± 2.2) MeV, respectively [14] . The Z ± b (10610) and Z ± b (10650) are excellent candidates for the hidden-bottom tetraquark states [15, 16, 17] .
In 2013, the BESIII (also the Belle) collaboration observed the Z ± c (3900) in the π ± J/ψ invariant mass spectrum [18, 19] . Furthermore, the BESIII collaboration observed the Z ± c (4025) near the (D * D * ) ± threshold [20] , and observed the Z ± c (4020) in the π ± h c invariant mass spectrum [21] . The Z where
the i, j, k, m, n are color indexes, the C is the charge conjugation matrix, the subscripts ± denote the positive and negative charge conjugation, respectively, the superscripts ++, +, 0 before the comma denote the electric charge, the superscripts 1 and 0 after the comma denote the isospin.
In the isospin limit, the currents J +,µ (x) (or J −,µ (x)) couple to the diquark-antidiquark type axialvector B c -like tetraquark states with degenerate masses. In the present work, we choose
±,µ (x) for simplicity. At the hadron side, we separate the contributions of the ground state axialvector B c -like tetraquark states,
where the pole residues λ Z are defined by in the operator product expansion according to routines in Refs. [24, 35, 36] , obtain the QCD spectral densities ρ(s) through dispersion relation. Then we match the hadron side with the QCD side of the components Π(p 2 ) and perform Borel transform to obtain the QCD sum rules:
where the s 0 is the continuum threshold parameter, the T 2 is the Borel parameter. The lengthy expressions of the QCD spectral densities ρ(s) are neglected for simplicity. In the QCD sum rules for the tetraquark states consist of two heavy quarks and two light quarks, we have to carry out the operator product expansion up to the vacuum condensates of dimension 10. Because there are four quark lines in the correlation functions, if each heavy quark line emits a gluon, each light quark line contributes aqq pair, we obtain a operatorG µν G αβ in the fixed point gauge, the operator is of dimension 10, see Fig.1 .
We derive Eq.(6) with respect to τ = 1 T 2 , and obtain the QCD sum rules for the masses, [10] . Furthermore, we neglect the small u and d quark masses. Then we take into account the energy-scale dependence of the input parameters from the renormalization group equation,
where t = log
, Λ = 210 MeV, 292 MeV and 332 MeV for the flavors n f = 5, 4 and 3, respectively [10, 40] . In the present work, we study the B c -like tetraquark states, it is better to choose the flavor n f = 5. Now we begin to discuss how to choose the ideal energy scales of the QCD spectral densities.
In the QCD sum rules for the conventional (two-quark) mesons and (three-quark) baryons, the QCD spectral densities have the form ρ(s) ∼ s n with n ≤ 1 for the mesons and n ≤ 2 for the baryons in the zero quark mass limit. The convergent behavior of the operator product expansion is very good. While in the QCD sum rules for the tetraquark states, irrespective of the diquarkantidiquark type compact tetraquark states and meson-meson type molecular states, the QCD spectral densities have the form ρ(s) ∼ s n with n ≤ 4 in the zero quark mass limit, the convergent behavior of the operator product expansion is bad, we have to choose large Borel parameter to depress the contributions of the higher dimensional vacuum condensates.
At the hadron side, if we choose the "single-pole + continuum states" model to represent the hadron spectral densities to study the ground states, we have to calculate the contributions of the vacuum condensates D(n) of dimension n with the formula,
rather than with the formula,
where the ∆ 2 denotes the lower thresholds. For the hidden-charm or hidden-bottom tetraquark states and molecular states, the lower thresholds ∆ 2 = 4m 2 Q , the QCD spectral densities ρ(s) also depend on the heavy quark mass m Q heavily, small variation of the m Q can lead to rather different result after carrying out the integral over ds, if the upper threshold s 0 is chosen. In the following, we will take the QCD sum rules for the hidden-charm (hidden-bottom) tetraquark states as an example to illustrate how to choose the ideal energy scales.
The heavy quark (M S) mass m Q (µ) depends on the energy scale in QCD, it is an energy scale dependent quantity, irrespective of whether or not we calculate the perturbative O(α s , α We can write the correlation functions Π(p 2 ) at the QCD side as
which are scale independent quantities,
we can carry out the operator product expansion at any energy scales at which perturbative calculations are feasible. In practical calculations, we cannot calculate the perturbative corrections up to arbitrary orders, even the next-to-leading order, and have to make truncations in one way or the other. Furthermore, we have to factorize the higher dimensional vacuum condensates into lower dimensional ones paying the price of modifying the energy scale dependence, as our knowledge on the higher dimensional vacuum condensates are scarce. The truncation s 0 for the continuum contributions makes the situation even bad, as the correlation between the threshold 4m 2 Q (µ) and continuum threshold s 0 is unknown. So we cannot obtain energy scale independent QCD sum rules,
We cannot extract the hadron (or tetraquark) masses from energy scale independent QCD sum rules, as the QCD spectral densities ρ(s, µ) depend on the energy scales, the thresholds 4m 2 Q (µ) also depend on the energy scales. Even in the QCD sum rules for the (conventional) pseudoscalar D and B mesons, where the perturbative O(α 2 s ) corrections to the perturbative terms are calculated [41] , the perturbative O(α s ) corrections to the quark condensate terms are also calculated [42] , we still cannot obtain energy scale independent QCD sum rules.
We can study the hidden-bottom or hidden-charm tetraquark states with a double-well potential model. In the heavy quark limit, the heavy quark Q serves as a static well potential, which attracts the light quark q to form a diquark in the color antitriplet channel. While the heavy antiquark Q serves as another static well potential, which attracts the light antiquarkq to form a antidiquark in the color triplet channel. We can introduce the effective heavy quark masses M Q and the virtuality
X/Y /Z − (2M Q ) 2 to describe those tetraquark states. Now the QCD sum rules for the hidden-charm or hidden-bottom tetraquark states have three typical energy scales µ 2 , T 2 , V 2 , it is natural to choose the energy scale [17, 35] ,
then we obtain the formula µ = M 2 X/Y /Z − (2M Q ) 2 to choose the ideal energy scales of the QCD spectral densities. At the ideal energy scales, we can enhance the pole contributions at the hadron side remarkably and improve the convergent behaviors of the operator product expansion at the QCD side remarkably. For the hidden-bottom and hidden-charm tetraquark states, we can obtain the pole contributions as large as (40 − 60)%, or even larger. Thus we can avoid to extract the tetraquark masses at small pole contributions and obtain more reliable predictions. Otherwise, we have to resort to the "multi-pole + continuum states" model to approximate the hadronic spectral densities and postpone the continuum threshold parameters to very large values.
In the present case, there are a c-quark and a b quark in the tetraquark states, we modify the energy scale formula to be
with the updated effective heavy quark masses M b = 5.17 GeV and M c = 1.82 GeV to determine the ideal energy scales of the QCD spectral densities [32, 43] . We can rewrite the energy scale formula as , etc as the diquark-antiquark type tetraquark states using the QCD sum rules [17, 24, 31, 32, 35, 43, 44] . In Ref. [45] , D. Ebert et al study the mass spectrum of the diquark-antidiquark type tetraquark states with two heavy quarks in the relativistic quasipotential quark model, and obtain the axialvector tetraquark masses, about 7.20 − 7.24 GeV, which are consistent with the present estimation. Now we search for the ideal Borel parameters T 2 and continuum threshold parameters s 0 to obey the four criteria: 1. Pole dominance at the hadron side; 2. Convergence of the operator product expansion at the QCD side; 3. Appearance of the Borel platforms; 4. Satisfying the energy scale formula, via try and error. For the continuum threshold parameters s 0 , we put an additional constraint √ s 0 = M Zb c + 0.55 ± 0.10 GeV considering the experimental data from the CMS and LHCb collaborations [11, 12] .
Although the searching process is very long, we obtain the Borel parameters (or Borel windows) T 2 , continuum threshold parameters s 0 , ideal energy scales of the QCD spectral densities, pole contributions, and the contributions of the vacuum condensates of dimension 10, which are shown explicitly in Table 1 . The pole contributions are about (43 − 63)% in the Borel windows, the central values exceed 50%, the pole dominance condition can be satisfied. On the other hand, the contributions of the vacuum condensates of dimension 10 are less than 2% in the Borel windows, the operator product expansion is well convergent.
Then we take into account the uncertainties of the input parameters and obtain the masses and pole residues of the axialvector B c -like tetraquark states, which are shown explicitly in Table 2 and in Figs.2-3 . From Tables 1-2, we can see that the energy scale formula Figs.2-3 , we plot the masses and pole residues of the axialvector B c -like tetraquark states with variations of the Borel parameters at much larger ranges than the Borel widows, in the Table 1 : The Borel windows, continuum threshold parameters, energy scales of the QCD spectral densities, pole contributions, and the contributions of the vacuum condensates of dimension 10 for the ground state B c -like tetraquark states. Borel windows, the Borel platforms appear. Now the four criteria of the QCD sum rules are all satisfied. and we expect to make reasonable predictions.
The DB * and D * B thresholds are 7192 MeV and 7288 MeV, respectively, the predicted masses M Zb c (1 +− ) = 7.30±0.08 GeV and M Zb c (1 ++ ) = 7.31±0.08 GeV, which lie above the DB * threshold, the fall-apart decays Zb c → DB * can take place kinematically, while the corresponding decays The calculations based on the simple chromomagnetic interactions indicate that the lowest axialvector B c -like tetraquark state has a mass about 6.928 GeV [46] , which is below the masses 7.11 − 7.15 GeV for the conventional 2P B c states with J P = 1 + in the potential quark models [1, 2, 3, 4, 5, 6, 7] . The masses of the conventional 3P B c states with J P = 1 + from the potential quark models are about 7.45 GeV [4, 7] . The masses M Zb c (1 +− ) = 7.30 ± 0.08 GeV and M Zb c (1 ++ ) = 7.31±0.08 GeV lie between the conventional 2P and 3P B c mesons with J P = 1 + , which is a typical feature of the diquark-antidiquark type B c -like tetraquark states.
In Refs. [50, 51] , the calculations based on the QCD sum rules with a different input parameter scheme indicate that the diquark-antidiquark (6 c ⊗6 c ) type axialvector B c -like tetraquark states have the masses about 7.10 GeV or 7.06 GeV, which differ from the present work completely, as we study the3 c ⊗ 3 c type B c -like tetraquark states.
Conclusion
In this article, we construct the diquark-antidiquark type current operators to study the masses and pole residues of the axialvector B c -like tetraquark states with the QCD sum rules by carrying out the operator product expansion up to vacuum condensates of dimension 10. In calculations, we take the energy scale formula µ = M 2 Z − (M b + M c ) 2 as a powerful constraint to determine the ideal energy scales of the QCD spectral densities and give detailed discussions to illustrate why we take the energy scale formula to improve the QCD sum rules for the doubly heavy tetraquark states. The present predictions depend heavily on the assignments of the Z c (3900), Z c (4020), Z c (4430), 
